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Abstract-An experimental investigation into the plastic buckling of cylindrical tubes subjected to bending
moments at the ends is reported on. Suitable parameters by means of which the buckling moment may be
represented are first discussed, and after a description of the apparatus and the testing procedure, !be
results of tests on stainless steel and aluminium alloy tubes are given. These results are compared with
analytical results for the collapse of cylinders under pure bending, and uniform axial compression. The
mode of deformation of the cylinders is discussed and the experimental strains are compared with those of
others for tests on axially compressed cylinders as well as cylinders in pure bending. The strains lie within
±30% of those predicted by 12 deformation theory for cylinders in axial compression: the corresponding
range of stresses is about ±5%.

NOTATION

E Young's modulus
Es secant modulus
ET tangent modulus

k dimensionless curvature, =Kr/t
M bending moment
m dimensionless moment, =M/E-rrrl 2

n exponent in stress-strain relations, eqn (I)
r mean radius
t wall thickness
z change in diameter/original diameter
E uniaxial strain

Eexp maximum extreme fibre compressive strain
Ece classical buckling strain of elastic axially compressed cylinder
fci buckling strain of elastic-plastic axially compressed cylinder, from h flow theory

fed buckling strain of elastic-plastic axially compressed cylinder, from h deformation theory
K Longidudinal curvature

A"p experimental value of average axial half-wavelength
Ad axial half-wavelength corresponding to fed

Ai axial half-wavelength corresponding to fci

(J' uniaxial stress
(J'R stress in Ramberg-Osgood relation, eqn (I)

(J'ed buckling stress of elastic plastic, axially compressed cylinder, from h deformation theory
(J'ci buckling stress of elastic plastic, axially compressed cylinder, from 12 flow theory

INTRODUCTION

In any practical process of laying or manipulating submarine pipelines, it is not possible to
avoid bending the pipe. Now if any initially straight thin-walled tube is bent far enough it will
buckle, and form a kink. This may be demonstrated on any convenient tubing, e.g. a drinking
straw. It is important to avoid the formation of such buckles in submarine pipelines, since it is
costly to retrieve and replace any section of pipe, and moreover a buckle, once formed, may
propagate as a flattening of the pipe for an indefinite distance under moderate hydrostatic
pressure [I].

It is therefore desirable for pipeline engineers to know reasonably closely under what
circumstances a thin-walled tube will buckle when it is subjected to pure bending, as well as to
bending in the presence of external hydrostatic pressure.

Two modes of deformation manifest themselves in the buckling of uniform cylindrical shells
acted upon by moments at their extreme ends. First, there is the Brazier effect[2] which
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involves an increasing ovalisation of the cylindrical cross section with increase in moment, with
the result that the moment-curvature relationship is nonlinear; and the moment eventualIy
reaches a maximum or limit-point value. Secondly, the analytical treatment of the problem as a
bifurcation buckling problem (with a linear membrane prebuckling state of stress) results in an
eigenmode of the short-axial wave type. That is, axial waves form along the length of the
cylinder, having a maximum amplitude at the extreme compression side of the shelI and
gradually diminishing around the circumference. This problem has been treated for the
linear-elastic case by Seide and Weingarten [3] and by Reddy and CalIadine [4]. In a real
situation, it must be expected that both of these effects will be present simultaneously with one
or the other dominating, depending on the proportions of the tube and the distribution of initial
imperfections. Furthermore, the effects of plasticity will be present in metal tubes having a
radius/thickness ratio of less than, say, 60.

Various workers [5-7] have performed experiments on specimens at various scales in order
to establish the appropriate buckling criterion for pipes under pure bending. Submarine
pipelines are usualIy made from steel tubing having a ratio of radius (r) to thickness (t) in the
region of 30, and buckling takes place when much of the material is in the plastic range: only if
the value of r/ t were at least an order of magnitude higher would buckling occur in the elastic
range. Now the tensile/compressive stress-strain curve for any ductile metal such as steel or
aluminium alIoy under steadily rising stress displays a more or less sharply curved "knee" when
the plastic range is entered (see Fig. la), with the slope of the curve falling rapidly with
increasing strain from the value (i.e. Young's modulus) corresponding to the initial, elastic
portion. It folIows that in the absence of buckling the bending moment-curvature relation for
the pipe will have a broadly similar form (see Fig. lb) and so, if buckling occurs in the plastic
range it will do so at a bending moment which differs by relatively little from the" fulI plastic
moment" of the tube. As Palmer[I] has pointed out, this unifying fact is of little practical value
to engineers, since a detailed analysis is required to deduce the bending moments at any given
section of a pipe during, e.g. the laying process. It is far easier to estimate the local
radius of curvature of a pipe in the process of laying, from geometrical considerations. It is of
course possible to transform a buckling criterion expressed in terms of bending moment into
one expressed in terms of curvature, by using the curve of Fig. l(b); and it is clear from the
shape of this curve that even if buckling occurs over a relatively narrow range of bending
moments, the criterion may, nevertheless, involve a relatively wide range of curvature. It
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Fig. 1. (a) Typical uniaxial stress-strain curve for a strain-hardening metal: (b) moment-curvature curve
for a tube in pure bending which has a stress-strain curve of the form shown in (a).
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Fig. 2. Experimental values of critical extreme fibre compressive strain for tubes in bending, and critical
strains for tubes in axial compression, vs r/ t.

follows that curoature is a much more satisfactory measure of buckling processes than bending
moment, or equivalently, that "extreme fibre compressive strain" is a better measure than the
corresponding stress.

Palmer[l] has correlated the available experimental data Oij a logarithmic plot of "extreme
fibre compressive strain" against the geometrical parameter rft, as shown in Fig. 2: the open
points refer to previous investigations and the solid ones to the results of our investigations, to
be described later. Also shown in the figure are the points corresponding to values of buckling
stress obtained by Batterman [8] in his experiments on the buckling of cylindrical shells in axial
compression: the values of strain which we have plotted were found using Batterman's
published results of buckling stress and the uniaxial stress-strain curve for his material, viz.
aluminium alloy. Very broadly, the experimental observations over the range 13 < rft < 50 lie in
a relatively narrow band of slope - -1.5. Also shown is the simple formula which comes from
a classical elastic analysis [3,4]. The data plotted in Fig. 2 were obtained from tests on tubes
made from a range of materials having a wide range of stress-strain curves: but, unfortunately,
in most cases details of the material behaviour are not reported.

The present investigation was undertaken with a view both to obtaining more data of the
kind shown in Fig. 2; and also to elucidating the buckling process. Accordingly it was decided
to test a series of tubes over a relatively wide range of ratios rft in each of the different
materials having rising stress-strain curves which had "sharp" and "rounded" knees, respec­
tively. After some deliberation it was decided to standardise on tubes of 25 mm (1 in.) nominal
diameter and approx. 600 mm (24 in.) long over the test section; and to use aluminium alloy and
stainless steel for the two materials. Tubes were available in several thicknesses in each of the
two materials, and it was possible to obtain a more finely graded range of thicknesses by means
of a drawing process which was performed by UKAEA Reactor Fuel Laboratories.

DESCRIPTION OF APPARATUS

Figures 3(a) and 3(b) show two views of the apparatus used to carry out tests, while Fig. 4
shows a view of a typical test specimen and its end connections. In Fig. 4, the ends of the
specimen (1) fit into collars (2) which are split in order to facilitate their assembly and removal.
The bottom half of each collar fits snugly into the semi-circular recess machined out of the
bottom half of the end block (3). The ends of the specimen are held in position by the top
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(a)

(b)

Figs. 3(a), (b). Views of apparatus used to carry 'lut bending tests.

Fig. 4. Typical test specimen with end connections.
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blocks (4) which hold the upper halves of the collars; these blocks are fastened down tightly on
the bottom blocks by means of capscrews. The bar (5) is attached to the end blocks by means
of hexagonal nuts which hold it down against the sides of the blocks. The blocks have dowels
protruding from their sides, and the bar has a hole at one end and a slot (6) at the other. Spring
washers are used between the nuts and the bar, so that the end blocks may rotate relatively
freely, while the slot (6) ensures that the specimen may deform into an arc without restraint
against longitudinal movement. The bar prevents any rotation about a longitudinal axis of the
specimen.

Figures 3(a) and 3(b) show a typical test specimen (4) in position at the beginning of a test.
The inner (I) and outer (2) frames are fabricated from channel sections, and the outer frame
rests on a solid base (3). The arrangement is symmetrical with respect to the vertical planes
passing through the longitudinal axis, and centre cross section of the specimen. The test
specimen is supported at its extreme ends by strips of spring steel (5), which are bolted to the
outer frame at (6) and to the extreme ends of the specimen end blocks at (7). Pairs of spring
steel strips (8) are bolted to the specimen end connections at the points where the collars (9)
enter the end blocks (10). The far ends of these strips are bolted to the inner frame at (11). A
pure (i.e. without shear) bending moment is applied to the specimen by four-point loading,
which is achieved by the downward displacement of the inner frame. The flexibility of the
spring steel strips ensures that they offer negligible restraint against rotation at the ends.
Nevertheless, the restraining moments induced in the strips were accounted for when calculat­
ing the applied moments, by calculations which were verified experimentally.

The load is applied to the inner frame (2) by means of the screw jack (12) which bears down
on the load cell (13). This load is transmitted through a ball (14) which is carefully centred on
the load cell, thereby eliminating the possibility of any spurious signals on account of
eccentricity of loading. The jack is rigidly fixed on the top of a very stiff framework (15)
constructed of laboratory "Meccano" sections. The load cell is used in conjunction with a
strain gauge bridge, which gives strain readings corresponding to values of applied load.

To ensure that no load acts on the specimen due to the dead weight of the inner frame, the
supports (16) are used. Basically, each consists of a framework to which is attached two
bearings (17). A chain is fixed at one end to the top of the inner frame at (18), and passes over
the bearings. Weights (19) are used to balance the downward load exerted by the inner frame,
the load cell, and the end blocks, on the specimen.

The downward displacement of the inner frame (1) is measured by the dial gauge (20). The
displacement of the bar (5) in Fig. 4 is measured by the dial gauge (21). The end rotations of the
specimen at each stage of the loading programme can be determined from the readings of the
two dial gauges.

Single element metal-foil resistance gauges were attached to the specimens at the mid and
quarter points, on both extremes of the vertical diameters at these points. In this way it was
possible to record the extreme compressive and tensile strains at 3 cross sections, and since it
was possible for specimens to buckle at positions other than their mid-points, a better estimate
of the critical strains at the buckling position was obtained by using strain readings from the
strain gauges nearest the buckle position.

Readings of changes in vertical and horizontal diameters were taken at positions adjacent to
the strain gauges, by means of a micrometer, in order to establish the magnitude of the cross­
sectional ovalisation of the specimens.

THE TEST SPECIMENS

Steel and aluminium alloy tubes with a nominal diameter of 25 mm were used in the
experiments; the thicknesses of the tubes were such that the radius-thickness ratios were in the
range of approx. 15-40. In this range, it could be expected that a fair amount of plastic
deformation would take place before collapse. The ratio of the unsupported length to the radius
of the tubes was about 24, so that the end conditions would be expected to have a negligible
effect on sections of the specimens furthest from the ends.

In order to obtain a fairly wide range of radius-thickness ratios, a number of lengths of
25 mm dia. steel and aluminium tubing were procured and drawn down to thinner wall
thicknesses. The drawing process resulted in material whose mechanical properties differed
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from tube-to-tube: each specimen had unique tensile and compressive stress-strain relations.
Uniaxial, tensile and compression tests were therefore carried out for each set of tubes. For the
tensile tests, coupons were cut from the tubes, parallel to their generators, while short
cylindrical sections of tube were used for the compression tests. The stress-strain curves
obtained were approximated analytically by the method of Ramberg and Osgood [9] who
suggested that rising stress-strain curves with a smooth "knee" be represented by the relation

(1)

where the variables in (1) are defined in Fig. 5(a). Figures 5(b) and 5(c) show actual, typical
stress-strain curves which were obtained for steel and aluminium specimens, while the
geometrical and stress-strain properties of all the specimens are listed in Table I.

The stress U'R is defined as the stress at which Es = 0.7E, where Es is the Secant modulus:
the exponent n is found from the expression for the Secant modulus, i.e.

(2)
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Fig. 5. (a) Definition of parameters in Ramberg-Dsgood representation of stress-strain curves: (b) actual
compressive and tensile stress-strain curves for specimens 1,2.10, A3, A4, A7, A8 and A9.
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Table I. Geometrical and material properties of specimens

675

Steel Specimens: Aluminium Alloy Specimens:

--_.

COMPRESSION TENSION
r

COMPRESSION TENSION
r

SPECIMENSPECIMEN
°Rft °Rft

tt n
aR~ O~n n n

1 38.25
}0.0033 5.0 0.0042 6.8

Al 27.71
} 0.00165 9.4 0.00242 15.8

2 38.90 A2 28.56

3 33.40 0.004 5.6 0.0040 4.6 A3 22.97
} 0.00329 9.1 O.0019E 10.9

4 30.73 0.0040 8.1 0.0046 6.3 M 23.05

5 25.67
}0.0035 5.5 0.0045 6.9

A5 18.46
} 0.00247 12.0 0.00280 21. 6

6 25.71 A6 18.46

7 23.11

} 0.0035

A7 17.36

} 0.00578 23.14 4~5 0.0043 3.9 A8 17.36 15.3 0.0057 15.3

9 23.14 A9 17.36

10 21.09 0.0039 5.9 0.0049 7.3

Evaluation of (2) at Es = 0.85 E gives

where (T2 is the stress at Es = 0.85 E.

(3)

TESTING PROCEDURE

The general test procedure involved the application of an increment of load through the
screw jack and observations of the corresponding strains, changes in diameter and dial gauge
readings. The load increments applied were such that an accurate picture of the moment­
curvature relationships could be obtained.

Buckling of the test specimens always occurred suddenly and with a bang, partly on account
of the comparative flexibility of the loading rig. (Even if the testing machine had been stiff,
failure would probably have been sudden on account of the flexibility of the long pieces of tube
on either side of the position of the buckle.) In order to obtain the load, strains, etc. as nearly as
possible to the point of collapse, one of the strain readings was monitored continuously as the
load was applied, so that its value would be known at collapse. The values of the other readings
could than be found easily by extrapolation to the corresponding point. Since the strain
increments were kept small, these extrapolated values would be a close estimate of the actual
collapse values.

PRESENTATION OF RESULTS

Axial waves at buckling
Before we present the experimental values of moments, curvatures and strains, it is

worthwhile to discuss an unexpected and important observation made during the tests.
Because of the highly polished surfaces of the tubes, it was possible to detect visually the

presence of wave-like ripples on the compression sides of the specimens before collapse took
place. These ripples were found to remain after unloading at the end of a test, and profiles of
the ripples, taken along the extreme compression side, were obtained by use of a Taylor­
Hobson Talylin 1 Straightness Measuring Instrument. The output from this scanning device is
shown in Fig. 6 for some of the specimens. The wavelengths of the ripples were measured on
the profiles, and the average values Aexp are presented in Fig. 7, where they are made
dimensionless with respect to the values of wavelength obtained by Batterman [8] in his analysis
of the plastic axisymmetric buckling of axially compressed cylinders: these wavelengths are

(4a)
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Fig. 6. Examples of longitudinal profiles for specimens 6(a), 8(b), 9(c), A2(d) and A6(e).
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1T{rt(EIET +3EIEsWf2

Ad = {3[(3EIEs+2- 4v)EIET - (1- 2vfnV4 (4b)

for 12 flow theory and deformation theory, respectively; ET and Es are the tangent and secant
moduli, respectively, of the stress-strain curve. The experimental values are closest to the
values of Ad for cylinders having the same radius-thickness ratios and compressive stress-strain
properties, although in all cases less than the theoretical predictions. It is not clear why this is
so, though there are several possible reasons: firstly, the fact that the ripples were first
observed when the bending moment was about half the maximum value suggests the influence
of imperfections. Another likely explanation for these discrepancies is that the wavelengths
were measured when the tubes were in their final, collapsed state, whereas the theoretical
values refer to wavelengths at buckling. Tests on axially compressed cylinders in the elastic
range, using high-speed photography [lO], have shown that initial modeforms and wavelengths
are in good agreement with those obtained from an initial post-buckling analysis, while the final
post-buckled mode shapes and wavelengths can be quite different.

Another possibility might be that the ripples are due to the propagation of end effects into
the interior of the tube. This is unlikely, though, as the ripples were observed only over the
interior of the tubes, i.e. in the region adjacent to where the tubes finally buckled. If these
ripples were due to the propagation of end effects, they would than have been visible in regions
adjacent to the ends as well, at some stage of the tests. The important point to be made here,
though, is that these sine wave-type ripples suggest the presence of a mode of buckling
deformation which is related to the axisymmetric buckling modes observed in axial com­
pression tests on tubes buckling in the plastic range [8]. A comparison between critical strains
for axially compressed tubes, and the maximum compressive values for the present set of tests,
should throw further light on any connection between these two types of loading.
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THE EFFECTS OF CHANGES IN DIAMETER

The changes in vertical and horizontal diameters of the specimens were measured at three
positions along the length of the specimens at each stage of the loading programme, and the
values which were recorded at the point nearest the position where buckling occurred were
taken as a measure of the actual changes in diameter at this position. In all cases, the vertical
diameter decreased and the horizontal diameter increased as the curvature increased. Buckling
occurred in most cases in the middle third of the specimens: Fig. 8 shows one of the specimens
in the final collapsed state. Experimental values of z( = change in diameter/original diameter) vs
dimension-less curvature k (= Kr

2t) are plotted in Fig. 9 for some of the specimens. Also shown
is Brazier's [2] theoretical curve for cylindrical shells which buckle solely due to cross-sectional
ovalisation.

In no case was the maximum change in diameter more than about 5% of the original
diameter when collapse occurred. Also, the absolute changes in vertical and horizontal diameter
were quite close to each other, indicating that the cross sections deformed into a near-oval
cross-sectional shape. The relatively small changes in diameter which were recorded at the point of
collapse are further suggestions that buckling was largely due to the growth of ripples.

We see also in Fig. 9 that, except in the initial stages of the tests, the experimental points lie on a
straight line roughly parallel to Brazier's line, the equation for which is

z = 0.91 k2 (5)

for a value of Poisson's ratio of 0.3. This suggests that a similar power-law relationdhip exists in the
plastic case.

CRITICAL COMPRESSIVE STRAINS

The critical compressive strains are plotted against nominal radius-thickness ratio in Fig. 2,
together with results obtained by Bouwkamp and Stephen [5], and by Wilhoit and Mervin [6] for
cylindrical tubes in bending as well as results obtained by Batterman [8] from tests on
aluminium tubes in axial compression. Also shown is the classical elastic line for cylinders in
axial compression or in pure bending (to first order), the critical strain for which is ([3,4])

fee = 0.6 r/t (6)

for a value of Poisson's ratio of 0.3. The points all lie within a well-defined band, with the
strains for the steel specimens being generally higher. Furthermore, the points for our tests on

Fig. 8. Specimen 7 in the final collapsed state.
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Fig. 9. Experimental values of z vs dimensionless curvature k for specimen 3(a), 5(b), A2(c) and i\5(d).

aluminium specimens, and those of Batterman, show a similar relationship to radius-thickness
ratio: this also applies to the points for our steel tests, when compared to those of Refs. [5] and
[6]. With this similarity between results of cylinders tested under pure bending and axial
compression in mind, the critical strains for the present set of tests were compared with the
theoretical predictions of Batterman[8] for axially compressed tubes. Figures 10(a) and 10(b)
show the experimental strains plotted vs r/t, where they are normalised with respect to
Batterman's[8] theoretical values for J2 flow theory and J2 deformation theory, Ecj and Ecd,

respectively: these are found from Batterman's formulae for incremental and deformation
theory critical stresses,

O'cj = ~3[(5 - 4v)EIET - (1- 2V)2]t1/2
E r

U; = ¥<3[(3EIEs + 2 - 4v)E/ET - (1- 2V)2n-1/2

(7a)

(7b)

and the uniaxial stress-strain curves (Table 1 and eqn 1). Both graphs show a great amount of
scatter of the points, but the deformation theory predictions of critical strains are seen to be
generally very much closer than those using flow theory. This discrepancy between the
predictions of flow and deformation theories is one which has been shown to occur in many
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different types of loading situations, with deformation theory results generally giving better
agreement[ll] with experiments.

We know that classical elastic buckling analyses of cylinders in pure bending give values of
maximum compressive stress very close to those for axially compressed cylinders [3, 4]. Suer et
al. [12] have summarised a number of experimental data for elastic cylinders in bending. These
results show very clearly the imperfection-sensitivity for this type of loading in the elastic
range.

In the plastic range, Batterman [8] has shown that cylinders in axial compression generally
buckle in an axisymmetric mode, and not the diamond-shaped mode which is characteristic of
elastic buckling. Furthermore, his experimental values of critical stress compare very well with
theoretical values based on either flow or deformation theories, for radius-thickness ratios less
that 60, with deformation theory results providing slightly better correlation.

Returning to the results in this paper, we see from Fig. lO(b) that the experimental strains lie
in the range of 70-125% of the deformation theory strains for axial compression. In terms of
stresses, this discrepancy is markedly less, since a fairly large difference in strain on the
stress-strain curve corresponds to a much smaller difference in stress. This can easily be seen
from the following calculations: for specimen AI, fexp/fed has a value of 0.69. The actual
experimental strain is 0.00685, which corresponds to a value of experimental stress <Texp, of
0.00203, using the stress-strain properties in Table 1. The value of <Ted, corresponding to a value
of theoretical strain fed of 0.00993, is 0.00213. This gives a ratio of experimental stress to
deformation theory stress of

<Texp/<Ted =0.953.
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A similar calculation for specimen 5, for which

Eexp/Ecd = 1.21, gives uexp/Ucd = 1.047.

681

Batterman's values of Eexp/Ecd range from about 0.8 to 1.2 and uexp/Ucd from 0.99 to 1.02.
It is clear that if we compare experimental and theoretical stresses, it will be found that the

results are in very good agreement. But it is more satisfactory here, as outlined in the
Introduction, to use strain as a buckling criterion, since the comparison of experimental with
theoretical strain provides a much clearer idea of the amount of scatter of results. Also, from a
practical point of view, it is far easier to estimate the local radius of curvature, and hence the
strain, of a pipe from purely geometrical considerations.

The results given here may be useful in that they show a very definite range in which
experimental strains are likely to lie when compared with deformation theory strains for axially
compressed cylinders. Naturally, much more experimental data of this kind are necessary
before a lower bound to the value of Eexp/Ecd can be used with absolute confidence in a practical
situation. What can be concluded, though, is that the experimental strains of cylinders in pure
bending of a given material, are very similar to those for axial compression, for a given
geometry, at least when the amount of ovalisation is small. This is borne out by Fig. 2.

MOMENT·CURV ATURE RELA nONS

Dimensionless moment vs curvature graphs are shown in Fig. II for some of the specimens.
The dimensionless moment m is defined by

m = MIErt

while the dimensionless curvature k is given by

k = rlt.

(8)

(9)

The linear moment-curvature relation for an elastic thin-walled tube, from simple beam theory,
IS

or
m =k.

(10)

(11)

Also shown in Fig. 11 are theoretical curves obtained from a beam-type analysis of an
elastic-plastic cylinder in pure bending, which has the compressive and tensile properties of the
specimen concerned, and with cross-sectional ovalisation not taken into account.

In most cases, the experimental curves in Fig. 11 fall below the theoretical curves. This is
similar to the observations of Anderson [13], who tested a silicone rubber cylindrical tube in
bending, and of Sherman [7], who carried out tests on mild steel tubes in bending. In the present
case we can attribute this reduction in stiffness to the presence of the ripples before buckling,
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9
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010

theoretical curves - for 7 & 9
A5&A6

• deformation theory predictions
• flow theory predictions

005 01 015 02 025 03 035 04

Fig. II. Dimensionless moment-curvature relations for specimens 7. 9. A5 and A6. and corresponding
theoretical curves.
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as well as the slight amount of ovalisation which took place. It is also likely that an initial
out-of-roundness contributed to the reduction in stiffness of the tubes, though the greatest
amount measured before testing was only about 0.2% of the diameter.

It was found in general that the experimental moment-curvature curves were still rising
when the collapse load was reached. This further emphasises the role played by the axial
wave-type mode of deformation, particularly if we bear in mind that the nonlinearity of the
stress-strain curves has a destabilising effect which would certainly enhance the onset of
limit-point buckling due to excessive ovalisation, if this were to occur.

Theoretical approximations of critical moment-curvature are marked on the theoretical
curves. These critical points were found by assuming that buckling occurred when the
maximum compressive stress was equal to that given by [8] for tubes in axial compression. As
we should expect, the points corresponding to deformation theory buckling stress are the
closest approximation to the experimental maximum values.

CONCLUDING REMARKS

A series of tests have been made on aluminium and steel tubes which buckle in the plastic
range, under pure bending. We have used as a buckling criterion the extreme fibre compression
strain, rather than stress, since strain or curvature are easier to estimate in a practical situation.
Also, the use of strain has given a clear idea of the amount of scatter of the data: a similar
approach using stresses would show very little of this scatter.

Our investigation of the observed modes of deformation have led us to the conslusion that
the ripples, rather than the small amount of ovalisation, were the primary cause of collapse in
our tests. Further, the sine-wave nature of these ripples has led to the hypothesis that our tubes
behaved as imperfect cylinders, the imperfections in which gave rise to a steady growth of
these ripples which eventually lead to collapse.

The comparison of our critical strains with those obtained by others, has shown that the
strains of our aluminium specimens and those of Batterman [8], who tested aluminium tubes in
axial compression, have a similar relationship to radius-thickness ratio. This also applies to the
results of our steel tests, when compared with those of Refs. [5] and [6].

We have also compared our experimental strains with the strains found from buckling
analyses of perfect, axially compressed cylinders. The experimental strains are much closer to
the 12 deformation theory strains than those found from 12 flow theory. In particular, the
experimental strains lie within ±30% of the 12 deformation theory strains: this corresponds to a
range of about ±5% for corresponding stresses.t More experimental data of the kind we have
presented are necessary before it can be stated with absolute certainty that a value of strain
(and hence of local curvature) of about 70% of the 12 deformation theory strain for an axially
compressed cylinder, is a safe lower-bound, at least for plastic tubes which have very little
ovalisation before buckling.
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